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Abstract 


Recently Lysov and Strominger [arXiv:1104.5502] showed that imposing Petrov 
type I condition on a (p+1)-dimensional timelike hypersurface embedded in a (p+2)- 
dimensional vacuum Einstein gravity reduces the degrees of freedom in the extrinsic 
curvature of the hypersurface to that of a fluid on the hypersurface, and that the 
leading-order Einstein constraint equations in terms of the mean curvature of the 
embedding give the incompressible Navier-Stokes equations of the dual fluid. In this 
paper we show that the non-relativistic fluid dual to vacuum Einstein gravity does not 
satisfy the Petrov type I condition at next order, unless additional constraint such as 
the irrotational condition is added. In addition, we show that this procedure can be 
inversed to derive the non-relativistic hydrodynamics with higher order corrections 
through imposing the Petrov type I condition, and that some second order transport 
coefficients can be extracted, but the dual *Petrov type I fluid" does not match the 
dual fluid constructed from the geometry of vacuum Einstein gravity in the non- 
relativistic limit. We discuss the procedure both on the finite cutoff surface via the 
non-relativistic hydrodynamic expansion and on the highly accelerated surface via 
the near horizon expansion. 
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1 Introduction 


In the non-relativistic hydrodynamic limit, a correspondence between the nonlinear solu- 
tions of the Einstein equations and incompressible Navier-Stokes equations is constructed 
in [1, 2, 3] where an intrinsically flat finite cutoff surface and regularity on the future 
horizon are imposed. Two equivalent presentations of the non-linear perturbed gravity 
solution and dual fluid expansion are given, one is for the dual fluid living on a finite cutoff 
surface via non-relativistic hydrodynamic expansion, the other is on the highly accelerated 
surface via near horizon expansion. This relation is further shown to be universal for the 
geometry with sphere horizon [4, 5] and with higher curvature corrections |6, 7, 8, 9, 10]. 
And the dual incompressible Navier-Stokes equations are found to be corrected at leading 
order when a non-trivial gravitational Chern-Simons term appears in the bulk [11]. More 
generally, the gravity is related with a fluid without gravity in one lower dimension, and 
related works can also be found in [12, 13, 14, 15, 16, 17, 18, 19, 20], which show their close 
relation with the fluid dynamics from membrane paradigm [21, 22, 23, 24, 25], as well as 
the fluid/gravity correspondence from holography |26, 27, 28, 29, 30]. 

It was noted in [2] that the nonlinear solution of vacuum Einstein gravity is of an 
algebraically special Petrov type [31, 32, 33], and the procedure was reversed via the near 
horizon expansion in [34] to derive the dual hydrodynamics. The Petrov type I condition 


is imposed to reduce the Einstein equations to the incompressible Navier-Stokes equations 
in one lower dimension. The universal fixed-point behavior of the near-horizon scaling 
in general relativity is shown to be the same as that of hydrodynamic scaling in fluid 
dynamics [34]. 'This condition is expected to be equivalent to the regularity on the future 
horizon, and the framework has also been generalized to the highly accelerated surface 
which is spatially curved, and to the case with cosmological constant and Maxwell field in 
the bulk [35, 36, 37]. 

Note that in those works only the nontrivial leading order has been considered, we are 
here going to generalize the procedure to higher order to see whether the equivalence still 
holds or not. In the frame which is associated with a hypersurface where the dual fluid 
lived on, we find that the non-relativistic fluid dual to the non-linear solution of vacuum 
Einstein gravity from boost transformation does not satisfy the Petrov type I condition 
at the next order, unless additional constraint is added such as the irrotational condition. 
We also inverse this procedure by imposing the Petrov type I condition on the fluid stress 
tensor, and then obtain the non-relativistic hydrodynamics with higher order corrections. 
But we see that the dual “Petrov type I fluid" can not match the dual fluid of vacuum 
Einstein gravity constructed in the non-relativistic limit. We study the procedure in two 
equivalent expansions: one is the non-relativistic hydrodynamic expansion associated with 
a finite cutoff surface, the other is the near horizon expansion associated with a highly 
accelerated surface. 

This paper is organised as follows. In section 2, a simple review of the Petrov type 
I condition is given. In section 3, the higher order non-relativistic stress tensor dual to 
vacuum Einstein gravity is used to check the Petrov type I condition. Then the logic is 
turned around and the Petrov type I condition is imposed to reduce the gravity to the dual 
non-relativistic hydrodynamics. In section 4, an alternative presentation of this procedure 
in the near horizon expansion is discussed. The results and discussions are given in section 


5. 


2 Petrov type I condition 


Firstly, we give a simple review of the Petrov type I condition with respect to the ingoing 
and outgoing pair of null vectors whose tangents to a timelike hypersurface generate time 
translations [34]. Introducing the (p + 2) Newman-Penrose-like vector fields, 


£ —k?—0, (k,2)=1, (m,k) =(m,2 —0, (mg ts) = 0i (1) 
the spacetime is Petrov type I [32, 33] if for some choice of frame, 
Coos = 9, Cio; = MZ; Cas. (2) 
Consider a timelike (p + 1)-dimensional hypersurface X with flat intrinsic metric 


dsr = ypdxidx? = —(da9)? + idz dx’, PI = 1 sd (3) 


and extrinsic curvature Ka». The hypersurface is embedded in a (p+2)-dimensional vacuum 
Einstein spacetime that 
Quum. h= Qep F: (4) 


Choosing the frame that 


Mi = Oi, Væ = æ — n, V2k = —Oy — n, (5) 


where n is the spacelike unit normal to the hypersurface, and 9j, 0p are the tangent vectors 
to X. [34], one has 


2C(oigpj = (K — Koo) Ki; + 2Koi Koj + 209 Ki — Ka K*, — Rs; — d, Koi; (6) 
where the following projections to X have been used 


yon Caes = Keak = Ao 
YPNO apy = oa Kic = [o ac, 
enh Nn Caps = KK, — ak’, ; (7) 


with y% = ô% —n4n^. The Petrov type I condition (2) imposes (p — 1)(p + 2)/2 constraints 
on the (p+1)(p+2)/2 components of Ka», or determines the trace-free part of K;; in terms 
of K, Koo and Ko;. This leaves (p + 2) independent components, which are exactly the 
number of components of a fluid with a local energy density, pressure and velocity. The 
dual fluid is described by the Brown-York stress tensor on the hypersurface, 


Tab = 2(K Yab = Ka ). (8) 
The Hamiltonian constraint of vacuum Einstein equations 
2G nn” |p, = (K? — Ka K”) = 0 — T? — p T, T^^ — 0, (9) 


can be viewed as the equation of state for the dual fluid relating the pressure and energy 
density. On the other hand, the (p + 1) momentum constraint equations 


2G ym" |s. = 2(0" Kap = OK) =) == Q ls = 0, (10) 


give us the equations of motion for the dual fluid. 


3 On finite cutoff surface 


In this section, with the non-relativistic stress tensor of fluid dual to vacuum Einstein 
gravity at finite cutoff surface given in [3], we will firstly check whether the Petrov type I 
condition is satisfied or not at higher orders. Then we impose the Petrov type I condition 


to reduce the gravity to the dual non-relativistic hydrodynamics. With the ingoing Rindler 
metric 


daz = —rdr? + 2drdr + dz;dz*, (11) 
the induced metric at the finite cutoff surface r = re is 
de pes ^a dz, dz? = —r.dr? + dzidzi. (12) 
'The Hamiltonian constraint becomes H — 0, where 
HST T —2r. 17,179 TT — pr’. (13) 


Defining P;; = 4C(5j(j; and using equations (6) and (8), the Petrov type I condition turns 
out to be P;; = 0, where 


2P, = T" Tij 2r T" T^ — Ar, 20, T; — Ta T^, — Ar GT", 
+ p° [T (T —pTI".) + Apr; ?0,T] 65. (14) 


3.1  Non-relativistic fluid and Petrov type I condition 
Take the non-relativistic expansion in [2, 3] 
ure Pre, One Ore, (15) 
the Brown-York stress tensor up to order ¢* can be expressed as [3] 
T"; = + rz? p r7 92 [vi(v? + P) — 2r;oijv? ] + Olè), (16) 
TT, = — 173/24? — p75? [v?2(v? + P) — 2reoyvivd — rogo] + O(e9), (17) 
Tij =+ rit? big + r3? [Póij + vivj — resiz] 
+ pu |viv;(v? +P)- Tiju’ + 2revgoP = rev(i9jyv? — 2r2vO? vj; 
—2r2ciyc^; — Aro Kw) — Ar2wigw"; — 4r20;0;P + 3r20?o5] + O(9), (18) 
T eut tcn. Uo tp PEO), (19) 
where the fluid shear o;; and vorticity w;; are given by ! 
Gij Oqvj = (ivj + 0jvi) /2, wig = Oey, = (Ov; — Ovi) /2. (20) 


Comparing this stress tensor with the non-relativistic fluid stress tensor given in Ap- 
pendix B.1, one can read off some transport coefficients as 


T] — 1, C1 = —2, Co = C3 = C4 = —4. (21) 


!Here the notations are different from [3] with a factor 2 
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The equations of motion of the dual fluid 0°7,, = 0 turn out to be the incompressible 
Navier-Stokes equations with higher order corrections given in (80), and the stress tensor 
satisfies the Hamiltonian constraint H = 0 consistently. Inserting the stress tensor (16)-(19) 
into P;; and expanding in powers of parameter e, one has 


0 2 4 
Py = PY - PP + PP + O(&). (22) 


Taking into account the equations of motion (80), one can see that p? and pe vanish 
identically, but 
p ep" [^ 6rcv voy — 2r2vO?v;j + Ar2u lawr + r20?c] i (23) 

This result can also be obtained through substituting the nonlinear solution of vacuum 
Einstein gravity given in Appendix A.1 into the Weyl tensor (2) directly. And it is in- 
dependent of the gauge transformation that v; — v; + dv; or Ti; — Tj; + 0Pój;, where 
du; ~ &, P ~ et. Thus the perturbed stress tensor (16)-(19) on the finite cutoff sur- 
face does not satisfy the Petrov type I condition at order ef, if we choose this frame (5) 
associated with the finite cutoff hypersurface. Or in other words, the non-linear solution 
of vacuum Einstein gravity constructed by boost transformation, up to order ef, does not 
satisfy the Petrov type I condition. 

But we can additionally require the constraint pr = 0 holds. For example, if we take 
the irroational condition with w;; ~ O(c*), then in view of 0 = ðw’ ~ O(c*), one has 


Pv; «0,0 — 20 vj, ~ O(e*), (24) 
Ooi; —05050 — 20 0 wy. ~ O(e9). (25) 
Thus ps vanishes at this order and T';; is reduced to 
TÉ = r7"? ds + rg? [Poy + viv; — reoi] + r; 7? |viv;(v? + P) 
—r,c;;v? + 2r,vOj P — rev(iOjyv? — 2r2oipo" j — 4r20;0;P | ‘ (26) 
In this case, comparing (26) with the non-relativistic fluid stress tensor in Appendix B.1, 


we can read off 
= 1, Ci = =2, C4 = —4. (27) 


The incompressible Navier-Stokes equations with higher order corrections (80) are reduced 
to 


Oy = 9), -vi + viðv; T 8;P = r0*v; + 1. (28) 
where the higher order corrections become 
00 = + 20150 + r7 1/8; P + O(c8), (29) 
FO = — 3r,0;(o,0") + 4r.o"O,0,, — 2v"0,0;,P — 2(0*v;)O,P 
— (Ohoy)v*u! + ro (P + v36;P — ryu,0,P + O(e). (30) 


Here according to (24), the term r,O?v; ~ O(e°), therefore we move this term to the right 
hand side of the Navier-Stokes equations in (28). 
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3.2 From Petrov type I condition to dual fluid 


At the finite cutoff surface, if we impose the Petrov type I condition P;; = 0 firstly, 
and consider the non-relativistic hydrodynamic scaling laws in (15), then the Brown- York 
stress tensor can be expanded in powers of the non-relativistic hydrodynamic expansion 
parameter e as 


T =TO47TM+7TO + Of). (31) 


Here superscript in round brackets stands for the expansion order, such as T 70) ^ €, 77?) ~ 
€, and so on. The Brown-York stress tensor at the cutoff surface r = re of the metric (11) 
gives 

quu) =U, T pn Das TO = rp, (32) 


We now put the expansions (31) into the Hamiltonian constraint equation (13) and the 
Petrov equations (14), which both can be expanded in powers of the parameter e. The 
first non-trivial order appears at order €?, where the Hamiltonian constraint H® = 0 and 
Petrov type I condition po = 0 lead to 

pre) — 2 qr pe D gii, (33) 


2) rara) T( 
TO = pTO ere OP ano (34) 
respectively. Following [34], if we assume that 

Ther ty PO aa ERE (35) 


we can recover the stress tensor (16)-(19) up to order €?. The next non-trivial Hamiltonian 


constraint H — 0 and Petrov type I condition po = 0) give 
T 7 (1) mr (3) sij 1 2 ij T — 
Paer E Ra Tan ee yap EL Ce) 
(4) | 9 Spr (Ur (3) _ p78) lay — loup sii (2) 
Tj —2rn DT -—2rn0s4T$- "E TPT TT 25 — -Tj 
+ 5p po — ri TOTO) +4 49, OD + oc) bij, (37) 


respectively. To give assumptions at higher orders, we choose the Landau frame which 
gives 


0- he Tu, h? = 6° usu, (38) 
where u^ = 7,(1,v") and 44,u*u? = —1 [3]. At order e, its spatial components lead to 
= pe + TOW + eO y, (39) 


T 


where the energy density e = T4yu^u^. With the recovered stress tensor up to €?, one can 
show e? = 0. Putting (34) and (35) into the above equation, we obtain 


T" = ri? [vi(v? + P) — 2r.0;;0'] . (40) 


Then T", in (17) can be recovered up to order ét with the Hamiltonian constraint which 
leads to (33) and (36). On the other hand, putting (34) (35) and (40) into (37), one finds 
that at order ef, there is only one term T$; proportional to 4;;. Thus, we can choose 


(4) 


the isotropic gauge with T = 0 as in [3], and finally T; is given by 


T® peel? UjUj v? + P) — r.c; + 2rovuO0A P — TV0; v? + 6ravpugw" 4r2w iO, vj) 
ij c J GU) j) QW j) T j) 


k 


—2r?egc" ; — 4r2 on Qw j^ Ar2wikw"; — 4r20;0; P — Ar2vyOqiw or 4r2A a,j). (41) 


Compare (41) with the terms in (18) at order et, we obtain the additional terms 
ror? lor. URV (jo y^ — 2r? (A ;O?v; j) c Ar? urða", p ror aiz] . (42) 


Thus, the incompressible Navier-Stokes equations with higher order corrections from the 
equations of motion of the fluid “Tap = 0 become 


Au" = 0, Ó,vj T v Ojv; = r0’ vi T OF x fi S i. (43) 


where 0 and f; are given in (81) and (82), respectively, and 


Ü 


2 
feo m EXT + Ar i, ^w; + 2r Ow v* + 2r Ova * + roð; lwrw") 
— Sv; lwrw) = Budi" — Suo" v — 3v, (ðv) w"! — 3(Ojoy;)v*v! 4 O(e'). (44) 


Comparing (41) with the non-relativistic fluid dual to vacuum Einstein gravity con- 
structed in Appendix B.1, one can extract the second order transport coefficients as 


C, = —2, Cg = C3 = C4 = —4, (45) 


which implies that the correction terms in (23) do not contribute to the terms associated 
with second order transport coefficients. Thus, such kind of higher order fluid reduced from 
the Petrov type I condition, which we name as “Petrov type I fluid”, does not satisfy the 
non-relativistic fluid that constructed in Appendix B.1. However, if additionally requiring 
that the terms in (23) vanish at this order, we can again recover the previous stress tensor 
(16)-(19), up to order e*. In particular, taking the irrotational condition that w;; ~ O(e*), 
we can recover equations (26)-(30). 


4 On highly accelerated surface 


An alternative presentation of the procedure discussed in the previous section can also be 
realized with the near horizon expansion. Introducing the expansion parameter A = ri? 
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via the transformation T + A ?7?, r > Mf, x — ĉ, the ingoing Rindler metric (11) 
becomes 


T 
(X 
which gives the first three terms in (85). The induced metric (12) changes into 


di ac d£? + 2d?df + d#,dz", (46) 


1 : 
dia = yada da = EIU + d£;d$*. (47) 


^ 


In the hatted coordinates, the Hamiltonian constraint becomes H — 0, where 
f= 1515 AP iS Lu — gov? (48) 
The Petrov type I condition turns out to be b; = 0, where 
26, = PP, + APTP — 4A Âe f — Tal — AX AST; 
+p” ia — pT.) + 4pr.0;T | 0i. (49) 


4.1 Near horizon fluid and Petrov type I condition 


In the near horizon expansion, with the transformations (83),(84) and (100), the stress 
tensor (16)-(19) becomes 


1*5 =+ Ay +3 ica iP 26:50 + O5), (50) 
qe |o c? + P) — 26,050) — 26356 + O8), (51) 
To= bg Ed Poi, + 06/0; — 26 


HX Ge (6? + P) — G6? + 20,0, P — $4050? — 20,0205 


T sT =A ptp tO, (53) 


where the fluid shear 6;; = Ou; and vorticity à; = 0,05. Comparing the stress tensor 
with the one of dual fluid given in Appendix B.2, one has 


pel, ĉ = —2, —0 09-4. (54) 


The equations of motion on, ab = 0 turn out to be (87), and the stress tensor satisfies 
the Hamiltonian constraint H = 0 consistently. Inserting equations (50)-(53) into P;; with 
expansion in powers of A, we have 


P4 = APPS?) + OPO 4 x59 4 OV). (55) 
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We see that PE? and p vanish identically, but 


PO = — 606 o5, — 26408, + 4o u + PGi. (56) 
This is independent of the gauge transformation with 6; — 0;-- A260; or fi + Tig t MOP 6,3. 
Thus the perturbed stress tensor (50)-(53) does not satisfy the Petrov type I condition at 
order A2, if we choose this frame (5). 

(2) 
ij 
condition that à; ~ O(A?), then p^ vanishes at this order and T';; is reduced to 


Again, we can also additionally require P^ = 0. For example, if we add the irroational 


pecie | bà; + 00; — 265) +3 [oo (e +P) 
— 640" + 2040, P — $4950* — 2664 — 48,0,P) . (57) 
Comparing this with the stress tensor of dual fluid given in Appendix B.2, we have 
H=1, G=-2, ĉ = -—4. (58) 
In this case, the incompressible Navier-Stokes equations with higher order corrections (87) 
are reduced to en D GM m 
64! = ÔO, 0,0; + 04,0, + Ó,P = 86, + f, (59) 
where the higher order corrections are given by 
A) — 2 | 26,6" + 00, P| +005, (60) 
fO =»? |-3Ó (66) + 46" 8,03, — 208,0, P — 2(050,)0, P 
— (pôu) ôtô! + (P + 67)0,P — 6:0; P| + OAS). (61) 
Since the term 026; ~ O(A?), it is therefore put on the right hand side of the equation (59). 


4.2 From Petrov type I condition to dual fluid 
In this subsection we will inverse the procedure and expand the Brown-York stress tensor 
in powers of the parameter A with the background metric (47), 

[LOT d PUO DD 

T6 em ATO APTUS 400%), 

Joss RAT QT qe 

To—XpLATO.-ASTO + 000). (62) 
Note that here only the odd order terms are selected. The even order terms can also be 
added, because it can be shown that they give no further information of the higher order 
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fluid, and thus are set to be vanished to satisfy the constraint equations as well as Petrov 
type I condition. We now put the expansions (62) into the Hamiltonian equation (48) and 
the Petrov equations (49), which both can be expanded in powers of the parameter A. The 
first non-trivial order appears at \°, where the Hamiltonian constraint H = 0 and Petrov 
type I condition p. = () lead to 


Pear p (63) 
PO = pi Ogy POPO 94 740 (64) 
respectively. Again, following [34], if assuming that 


A 


TO =6, TY =P, (65) 


we can recover the stress tensor (50)-(53) up to order A. The next non-trivial Hamiltonian 


constraint H®) = 0 and Petrov type I condition p» = 0 give 
TT T T ij lrps mij nt —1y/rT 
PO = PONP + - [DT + (Py - py), (66) 


D _ oprMpr@®)_ 98,259 IAP _ LAMPO gH _ 94. FO 
Pep = AT OT 2:90 tir Ta -giie TM 2:945 
1 p P. ^ 
eg» [pfo — TOMO + 43,7 + 27] dy, (67) 


respectively. To give assumptions at higher order, we choose the Landau frame which gives 


O=AlT ti, he = 5° + att, (68) 
where &^ = 4,(1, 6") and 4,,ü^à^ = —1. At order A, the spatial components give us with 
0= FFO TO 9i + Ov, (69) 


where ê = Tjü^ü^. From the recovered stress tensor up to order A we have e® = 0. 


Putting (64) and (65) into the above equation we get 


1^9 = 6,(6? + P) — 26,59. (70) 


a 


Then 77 in (51) can be recovered up to order A? via the Hamiltonian constraint which 
leads to (63) and (66). On the other hand, putting (64)(65) and (70) into (67), one finds 
that at order A?, there is eo one term T 3 bi; proportional to ó;j. Thus, we can choose 


the isotropic gauge so that T? = 0 and T [o can be expressed as 
TP —o0,(0? + P) — 09? + 20,05 P — 040,0? + 60,0g9*, — 4640*0; 


^ 


— 264,6; ud d. = AQ"; — 46, Ô; p AG, 0,00". + 406; ;. 71 
GW j) GW j) j 


11 


Comparing (71) with the terms in (52) at order A’, one can find that the additional terms 
are i . . 

68,049", — 264070; — 40,040", + 0765. (72) 
Thus, the incompressible Navier-Stokes equations with higher order corrections from the 
equations of motion of the fluid “Tap = 0 become 


ô =Â, 0,0; + 00,0; — 06, + P = f, fO, (73) 
where 6 and f; are given in (88) and (89), respectively, and 
fO =” —5i%, + ADA ps + 20)0,,0 0* + 20,0,0,5* + Ó (Guo ^) — 36: (ouo) 
— 30;0,60,5" — 30,0,0*0! — 36,(6,0,)o" — 3(0:0,,)0*0'| + OA’). (74) 


Comparing (71) with the stress tensor of fluid given in Appendix B.2, one can obtain the 
second order transport coefficients as 


C1 = —2, C9 = C3 = C4 = —4, (75) 


Thus, we have shown that the additional corrections do not make contribution to the second 
order transport coefficients. Such kind of higher order Petrov type I non-relativistic fluid 
does not match the fluid constructed in Appendix B.2. However, if we additionally require 
that the terms in (72) vanishes at this order, the stress tensor (50)-(53) can be recovered. 
In particular, taking the irrotational condition with &;; ~ O(A*), we can still recover 
equations (57)-(61). 


5 Conclusion and Discussion 


In Einstein gravity, the Petrov type I condition relates the gravity theory to a dual fluid 
without gravity in one lower dimension. It reduces the the extrinsic curvature of a time-like 
hypersurface to p+ 2 components, which can be interpreted as the energy density, pressure 
and velocity field of a dual fluid living on the hypersurface, constrained by equation of 
state and p+ 1 evolution equations (incompressible Navier-Stokes equations) that come 
from the Einstein constraint equations [34]. To the leading order there are two equivalent 
presentations, one is for the dual fluid living on a finite cutoff surface via non-relativistic 
hydrodynamic expansion, and the other on a highly accelerated surface via the near horizon 
expansion. Imposing the Petrov condition is mathematically much simpler than imposing 
regularity on the future horizon. 

Via appropriate gauge choice, we generalized this procedure to the next order and 
obtained the incompressible Navier-Stokes equations with higher order corrections and as- 
sociated second order transport coefficients. More higher order hydrodynamics can also be 
obtained order by order with appropriate expansion parameters. We can recover the non- 
relativistic fluid stress tensor dual to vacuum Einstein gravity from boost transformation 
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up to order e*, only if by imposing additional constraint such as the irrotational condition. 
In other words, the non-linear solution of vacuum Einstein equations constructed by boost 
transformation does not satisfy the Petrov type I condition up to order ef, although it 
holds at the order €. 

As the dual fluid constructed in Appendix B is reduced from the relativistic hydro- 
dynamics, while the Petrov type I condition singles out a preferred time coordinate and 
thus breaks Lorentz invariance of the hypersurface [34], it might be not surprised that the 
“Petrov type I fluid” does not match the boosted fluid at higher orders. In this sense it 
would be interesting to construct the non-relativistic hydrodynamics of this special higher 
order fluid directly, with the corresponding non-linear gravitational solution. In addition, 
note that the Petrov type I condition (2) looks different depending on choice of frame. 
In this sense it should be instructive to consider a different frame instead of (5), such as 
mj = hi, Vl = u—n, V2k = —u —n, where u is the fluid velocity and h; (with i = 1,225.0) 
are the spatial basses orthogonal to both u and n.? In general, these basses can be written 
as 


m =0; + Yb: + (y — 1)87?8,870;, 

v2t =7(O + 8'0;) — n^ 

v 2k = — (Oo + 8'8;) = 1" Os (76) 
where the fluid velocity u has be defined as (y, 78;) with y = (1— 6?)~'/?, and 6; = rey, 
if we use the induced metric (12) on a finite cutoff surface. Taking the non-relativistic 
hydrodynamic limit in (15) one can show that the result in (23) becomes pz = Oo, 
which is the third order in derivative expansion of the velocity. Inversely, if the condition 
Pj; — 0 is imposed, only one term fe E "Ay, is left in the correction terms (44). 

Thus, the frame given in (76) has better properties than the one in (5), and it is 
expected that in the case of derivative expansion with the relativistic fluid solution [15, 16], 
the Petrov type I condition in this frame holds at least up to second order [38]. In the non- 
relativistic hydrodynamic expansion discussed in this paper, the additional term p 
0?o;; might be reduced from the third order in derivative expansion of the relativistic fluid. 
In the near horizon expansion, the situation is similar. Thus it would be an interesting 
question whether one can find a frame such that the Petrov type I condition on finite 
cutoff surface holds up to order ¢*. In addition, changing the boundary conditions of the 
hypersurface to see their effects at higher orders, and generalizing to other bulk geometries 
would also be valued for further works. 

Note added: During the preparation of this work, we were informed that the leading 
order calculation in section 3.2 might have some overlap with the work in [39]. After 
finishing this work, we were told that the authors in [3] also reached the conclusion that 
the Petrov type I condition does not hold at higher orders for the non-linear solution of 
vacuum Einstein gravity (unpublished, May 2011). 


?We are grateful to the referee's valuable suggestions on this point. In fact this frame has been used in 
an ongoing work for the dual relativistic fluid [38]. 
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A Nonlinear metric solution 


In this Appendix, we briefly give the nonlinear solution of vacuum Einstein equations 
G,, = 0, which is obtained via the non-relativistic hydrodynamic expansion and near 
horizon expansion, respectively [2, 3]. 


A.1 Non-relativistic hydrodynamic expansion 
Associated with the non-relativistic hydrodynamic expansion 
joe, Pade, OnE Ow: Oe; (77) 


the metric which solves Einstein equations (4) up to order e* is given as [3], 


ds = —rdr? + 2drdr + dzjda* — 2(1 — —)uda'dr — , vide'dr 
r 2 2, 1 igaj l;o 
+ (1 — —) [w +2P)dr* + m vivjde da] qe (v + 2P) drdr 
Te C 


Ç 


+ 29 dxidr + gar? + 9 dada? + O(e), (78) 
where 
-r w; 
gË =E o 4 2P) 448P- (r + r)a, 
2f. fe 
E loc = 
gi) = — (et) (wrw!) + Uim NON one") - (r ro) pw, 
2r? 2f. Te 
4) 9 " 5 2 P? kaz kl k 
EU = E v^ + mo + =- 2rev 0 Vk — 2r,ayo ^ — 20,P + 2v" O.P, 
i r.r1 2 1 mi Te 
gp -0--) E (viv; — Teig) (V? + 2P) + —v40; P — —vGOjv° — vOv; 
r—65r, T+ ofe 
— 2oin0", — Aon + win”, = 40;0;P + 2 Ooi; s (79) 


c 
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The dual fluid satisfies the incompressible Navier-Stokes equations with higher order cor- 
rections 


0v! = 0, 0,0; + vO; V; = r.O^v; + O;P = fi, (80) 
where 
0 = — vvi; + 2009 + -v8P + Oe), (81) 
3 2 
fi-- + otv; + 2r ev O^ Ov; + 4r. 010" — 10r; 0,7" — 3r.0;(on0") 
DIS 1 
— EO qu) + Ar o" Oo — 20 0,0, P — 2(0*v;)O, P —(P+ 3" 3 v 
— (Ooi) vu! + (Opwy)v"u! + A(8svi)uF vy + r7 (P + v?)8;P — r7; vj, P + O(e). 


(82) 


A.2 Near horizon expansion 


An alternate presentation of the metric (78) was given in [2], through taking the coordinate 
transformations 


t, $—&8rdr, f= r'r, (83) 


so that à; = — ~ €0, Os ~ e, and ð; ~ e. In the new coordinates one defines 
P(&,#) = e?P(z(£),rT(f), (8,9) = tulel), T$), (84) 


" AS GLA ; . . a2 = . 
and 0? = 0;070;. Considering the rescaled metric d$5,5 = €^ r;?ds?,, and defining à? = 
€? r;l, one finds 


d$), = — 35d + [deaf + dada — 2(1 — f)6.da/d5 + (1 — P) (0?  2P)ar*] 
+2[(1 — $)6,6,4 d — 26;di'df + (6? + 2P)drar + 29 asas + G2 a7?) 
T s la? aiaa t 26 dåd? + iar? JOD (85) 


à? + 2P)20, + 40,P — (6 + Leu l 


NONE dec d Cal 


yo 26-0 í 
: (yai P) + 


(20*9?0, + Gyo") — (f — D, 


The incompressible Navier-Stokes equations (80) change into 


ĝt = 0, 50; + 0/0,0; — 06; + OP = fi, (87) 
where 
§=» |—<'6, + 26,6 + 0'4,P| + O(M), (88) 


^ D 
fi = A -38o + 200? 0,0; + 464,0,6" — 106; 4,06 m 30; (Gy,8P) = zana") 


+ 460,5, — 200,0, P — 2(80)ÂLÊ — (Ê + -à?)Ó*6 — (0,64 )o*0' 


+ (Dpto) 6*0! + 4(0,0;) "0 + (P + iÂ Ê — 6:0; P | + O(A*). (89) 
With these constraints the metric (85) solves the vacuum Einstein equations (4) up to 
order A? consistently. To a the u non-trivial order that at A^, especially the 77 and 
Ti components, the terms as ) and j D» ) are needed. We do not intend to find their explicit 


expressions here, as it is fund that at order A7, they do not contribute to the Petrov type 
I equation in (2). 


B The dual Fluid 


To discuss the fluid dual to vacuum Einstein gravity, the theory of relativistic hydrody- 
namics up to second order in fluid gradients was presented in [3, 7, 15]. Choosing the 
Landau frame of the relativistic fluid with velocity u^ so that its stress tensor is written as 


Top = € Ugty + phas + IL, up = 0, (90) 


where e and p represent the energy density and pressure of the fluid in the local rest frame. 
The induced metric hap = Yab H UaUp, with Yap the intrinsically flat metric and y,,u%u? = —1. 
The dissipative corrections can be written down through taking the isotropic gauge so that 
IL; does not contain terms proportional to hap. Up to second order in gradients, 


II], = —2nKas + p^! [eios K^ + Kear + c3Qacy + cu hs hi 0:04 In p 
Fes Kay DIn p + csDL In p Di In p] , (91) 


where D+ = hbO, D = u%d, have been defined, 7 is the relativistic kinematic shear 
viscosity, and c,,...,cg are the corresponding transport coefficients at the second order. 
The equations of motion Ó^T,, at the lowest order have been considered in writing down 
the above form, and the relativistic shear and vorticity are defined as 


Kb = heh ca), Qab = AENEActa)- (92) 
The energy density which vanishes for equilibrium configurations can also be expanded as 


e=C/Dinpt+p [diKak” + di, + d3(DInp)*? + d4DD np + ds(D, np)’] , (93) 
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where C’ is an alternative first order transport coefficient which is similar to the bulk 
viscosity that measures variations of the energy density, and d4, ..., d5 are the corresponding 
second order transport coefficients. However, these six coefficients are not independent [15], 
if we consider the equation of state of this special fluid dual to vacuum Einstein gravity 
that T? — pT,,T*^ = 0, which comes from the Hamiltonian constraint (9). Taking account 
of the expansions (90) and (91), one finds the energy density e can be expressed as 


e = — hp IK + O(99). (94) 


Comparing (93) with (94), one can read off 


p d, = —2w, da = da = d4 = ds = 0, (95) 


Thus, in this paper we only consider the independent transport coefficients in (91). 


B.1 Non-relativistic hydrodynamic expansion 
-3/2 


With the pressure p = re 2 gn P, the full fluid stress tensor (90) can be expanded up 
to order e* through the non-relativistic hydrodynamical expansion (15) as 


T';-4 rz wy 4 rr? lvi? +P)- 2nr,ci;v! | + O(e^), (96) 
T, = yr — r”? lu? (v? + P) — 2nr.oijv'v! — 20 r2o150" | +0), (97) 
Tu =F pe Oi + po [ Poi; + UjUj = 2nr-Ouv;)| 


+ pus lviv;(v? + P)— nr.civ? + 2nrguoyP-— NPV iO) = 2n r?vO^ vj 


Fe rogo"; + c T2 k (i0 + ea r2wikw" j + c4 T20;0; P] + O(€), (98) 
Te qr pn uu (99) 
where the equations of motion °T, = 0 at lower orders have been employed. 


B.2 Alternate presentation 


With the coordinates in (83), considering the re-scaled stress tensor 


Tadí"di  —rlleTgdz^ds", M = rote, (100) 
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one finds the stress tensor (96)-(99) can be transformed into 
ftx EG apy- 246,58 4 O(35), (101) 
6 cgi 3 |oc? + P) — 256,00) — 252,67 | + OQ), (102) 
fuu ips | P; + 4; — 246; 
+X" Ge (8 + P) — $69? + 260405 P — HOG)” — 2 640^ 6; 
HO GRO" 2-6: bug 4:05 0405 +e ,0;P | +05), (103) 
TO =F; +0; = Xp +ApÊ + 0(35). (104) 


This is also used to compare with the Brown-York stress tensor dual to the metric (85), 
which is mathematically equivalent to the metric with the near horizon expansion [2]. 
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